Theoretical and experimental results for in-plane vibrations of a uniform rectangular plate with free boundary conditions are obtained. The experimental setup uses electromagnetic-acoustic transducers and a vector network analyzer. The theoretical calculations were obtained using the plane wave expansion method applied to the in-plane thin plate vibration theory. The agreement between theory and experiment is excellent for the lower 95 modes covering a very wide frequency range from DC to 20 kHz. Some measured normal-mode wave amplitudes were compared with the theoretical predictions; very good agreement was observed. The excellent agreement of the classical theory of in-plane vibrations confirms its reliability up to very high frequencies Keywords: rectangular plate, in-plane vibrations, plane wave expansion method
Introduction
There is an increasing interest in the in-plane vibrations of plates. This is due to the fact that, in certain specialized applications, high-frequency vibrations appear. This commonly happens in data storage systems, in the kHz range, in which in-plane vibrations cause a problem in following narrow data tracks [1] . These vibrations are also important in ship hull design since there is evidence that in-plane vibrations and high-frequency noise are strongly related [2] . The in-plane modes also play an important role in the transmission of high frequency vibrations through a built-up structure [3] . Furthermore, in-plane modes can be used for non-destructive testing and evaluation of elastic constants [4] . Finally, as in-plane vibrations appear at higher frequencies than transverse vibrations, finite element calculations are more difficult for the former. All these, and other problems not listed, have led to a renewed interest in the phenomenon of in-plane vibration of rectangular plates that cover several orders of magnitude from nanosystems to macrostrutures.
There are several recent significant theoretical and numerical contributions to the study of the in-plane vibrations of plates [1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12] . However, experimental results have been, until recently, very scarce [4, 13] . There are two likely reasons of this fact: first, inplane vibrations appear at high frequencies and second, the measurement of transverse vibrations is easier than the excitation and detection of inplane modes [13, 14, 15, 16] . Such state of affairs started to change when electronic speckle pattern interferometry -ESPI or TV holography-made possible the measurement of in-plane modes [14, 17, 18] . Thus, there is the need for research on the in-plane vibrations of plates to consolidate the classical theory of in-plane vibrations, especially at high frequencies, to contrast such theory with experimental results.
This work adds to the literature on the subject of in-plane vibration of plates which can be found in Ref. [11] . In the next section, the plane wave expansion method, applied to the classical theory of in-plane vibrations of thin plates, is introduced. This method will be used to calculate the normal modes of a rectangular plate with two sets of boundary conditions, namely all its boundaries free (F-F-F-F) and all edges clamped (C-C-C-C). In Section 3, the experimental methodology to measure the in-plane vibrations of a rectangular plate with free boundaries, using electromagnetic-acoustic transducers and a vector network analyzer, is presented. In Section 4 the theoretical normal-mode frequencies and wave amplitudes are compared with the experimental results, showing a very good agreement. Finally, in Section 5, some conclusions are given. Figure 1 : Plane wave expansion method: a rectangular cell of sides a and b is repeated periodically on the plane. Each cell is composed of the plate of interest, in the center of the cell, surrounded by a host material. The elastic properties of the plate of interest have the subindex 1 while the elastic constants of the host material have the subindex 0. The host material mimics the vacuum, in a certain limit, that yields the free-end boundary conditions for the inner plate.
The plane wave expansion method for the in-plane wave equation
The plane wave expansion method (PWE) refers to a computational technique to solve partial differential equations as an eigenvalue problem [19] . This method is popular among the photonic (phononic) crystal community to obtain the dispersion relation of artificial crystals [20, 21, 22, 23] . In a previous work [16] it was shown that the PWE method can be implemented to solve the out-of-plane Kirchhoff-Love equation for finite systems. As shown below, this numerical method is also useful to solve the in-plane wave equation for finite systems. The main difference between the plane wave expansion method and other numerical methods is that the boundary conditions are not imposed but are rather simulated by introducing a second medium with certain physical properties. A rectangular cell (see Fig. 1 ) of dimensions a × b will be used. The plate is located at the center of the cell surrounded by a host material that, for a plate with free ends, mimics the vacuum and, for a plate with clamped ends, mimics an extremely hard medium [16] . The unit cell is repeated periodically in both directions and its mechanical parameters are replaced by a Fourier series truncated at N plane waves. In what follows, the PWE method as used to calculate the in-plane normal modes of plates with free-ends, will be described in detail.
The equations that govern the in-plane motion, in the classical theory of in-plane waves of a thin plate, are [24] 
where h and ρ are the thickness and density of the plate, respectively. The variables u(x, y) and v(x, y) are the displacements in the X and Y directions, respectively, while the plate stresses are
where ν is Poisson's ratio and C is the extensional rigidity given by
with E standing for Young's modulus. The strain-displacement relations are e xx = ∂u ∂x , e yy = ∂v ∂y and e xy = 1 2
Since the mechanical properties of the system of Fig. 1 are periodic, one can assume the following Fourier expansions for the coefficients that appear in Eqs. (1) and (2):
Here r = (x, y) is the position and G = (G x , G y ) = 2π(p/a, q/b) is a vector of the reciprocal lattice with p and q integers. The displacements u and v are also periodic and can be written in terms of Fourier series as
where k = (k x , k y ) is the wave vector and ω the angular frequency. Inserting the expansions (5) to (9) in Eqs. (1) one gets, for each G,
where
and
(15) Eqs. (10) and (11) can be written in matrix form as a generalized eigenvalue equation with an infinite number of columns and rows
with φ and ψ vectors with entries φ G ′ and ψ G ′ , respectively, and
The Fourier coefficients of Eqs. (5) to (7) can be calculated analytically for regular shaped plates, such as the plate of Fig. 1 . Plates with irregular shape can also be calculated but in this case the Fourier coefficients should be obtained numerically. The free or clamped boundary conditions can be obtained by defining a host material with ρ 0 → 0 or ρ 0 → ∞ [16] , respectively. Although the generalized eigenvalue equation (16) includes an infinite number of terms, in the numerical calculations the series were truncated to large partial sums. In Fig. 2 some eigenvalues for a rectangular plate with free-ends, as a function of the of the number of plane waves, are plotted. It can be observed that 15 × 15 plane waves are enough to get stable results at low frequencies but 25 × 25 plane waves are needed to obtain similar results at high frequencies.
In Tables 1 and 2 the dimensionless normal-mode frequencies of in-plane vibrations of a plate of different aspect ratios with free (F-F-F-F) and clamped (C-C-C-C) ends, respectively, are shown. The results of the PWE method show a very good agreement with the results available in the literature [2, 3, 5, 7] with a difference less than 1.5%. This shows that the PWE method can be used to calculate the normal-mode vibrations of in-plane waves.
Experimental setup to measure in-plane waves
To measure the in-plane normal-mode frequencies for the rectangular plate with free-ends, acoustic resonant spectroscopy (ARS) [25] is used. The experimental setup, shown in Fig. 3 , consists of a vector network analyzer (VNA, Anritsu MS4630B); a high fidelity power amplifier (Cerwin-Vega CV900) and two electromagnetic-acoustic transducers (EMATs). The harmonic signal of frequency f , generated by the VNA, is sent to the power amplifier whose output is taken by the EMAT exciter. This transducer produces mechanical waves in the plate without mechanical contact. The EMAT detector measures the response of the plate in another location. The signal of this EMAT is registered directly by the VNA which yields the response of the plate at the frequency f . The frequency is changed to f + ∆f , with Table 1 : Dimensionless normal-mode frequencies Ω = ωL x ρ(1 − ν 2 )/E for the in-plane vibrations of a rectangular plate with different aspect ratios (L x /L y ) and completely free (F-F-F-F) boundary conditions. The results obtained with the plane wave expansion method (PWE) are compared with other methods. Gorman I, Du and Bardell results are taken from Refs. [2] , [3] and [7] , respectively. (1) sends a sinusoidal signal to the power amplifier (2) . The amplified signal is sent to the EMAT exciter (3) which produces a mechanical vibration in the aluminum plate (4). The vibrations of the plate are measured by the EMAT detector (5). The measured signal by the EMAT is sent back to the VNA. The experimental data are finally collected in the computer (6) via diskette, serial port or GPIB. Table 2 : Dimensionless normal-mode frequencies Ω = ωL x ρ(1 − ν 2 )/E for the in-plane vibrations of a rectangular plate with different aspect ratios (L x /L y ) and completely clamped (C-C-C-C) boundary conditions. The results obtained with the plane wave expansion method (PWE) are compared with other methods. Gorman II, Du and Bardell results are taken from Refs. [5] , [3] and [7] , respectively.
(∆f )/f ≪ 1. The response, as a function of the frequency, is then obtained and the peaks on it will correspond to the resonant frequencies of the plate. The in-plane resonances of the plate are excited and detected selectively when using electromagnetic-acoustic transducers which consist of coils and magnets in particular configurations (see below). Since the transducers operate through eddy currents, they have to be located in the vicinity of a paramagnetic metal. Let us briefly recall the principles of operation of the EMATs; a detailed explanation of the operation of these transducers is given in Refs. [25, 26] . The EMAT, as an exciter, operates in the following way:
1. A harmonic current, of frequency f , passes through the EMAT's coil; this generates a magnetic field B(t) that varies in time with the same frequency f . 2. Due to Faraday's law of induction, on any circuit of the paramagnetic material which is close to the EMAT's coil, local eddy currents are generated; these currents are also harmonic. 3. The eddy currents, induced on the paramagnetic metal, interact with the EMAT's magnet through the Lorentz force. 4. The effect of the Lorenz force on the metal will become a mechanical vibration which travels along the plate.
The EMATs are also invertible, i.e. they can detect the vibrations of a paramagnetic metal. The electromagnetic-acoustic transducer, as a detector, operates in this way:
1. There will be a change of magnetic flux in the loops inside a vibrating paramagnetic metal when the EMAT's permanent magnet is near it. 2. The change of flux, by Faraday's law, will produce eddy currents in the metal; these currents oscillate with the frequency f of the vibrating metal. 3. The eddy currents will generate their own alternating magnetic field, which flows through the surface enclosed by the EMAT's coil. This variable flux will induce on the EMAT's coil an electromotive force measured by the VNA. both the EMAT's coil and permanent magnet coincide and can be considered as the EMAT's axis; the axis of the exciter is parallel to the Y-axis while the axis of the detector is parallel to the X-axis. To decrease the possibility of missing resonances, i.e. to avoid measuring on a nodal line, the EMATs were located at the corners of the plate on the long side, where it is expected that the wave amplitude will have a maximum due to the free-ends. All the results presented in this section were obtained with this arrangement of EMATs. The main advantage of using the electromagnetic-acoustic transducers, in the configuration of Fig. 3 , is that they are highly selective to in-plane vibrations. This result is very important since the measurement of in-plane vibrations is a difficult task.
The spectrum of a rectangular aluminum plate of 1474 mm × 355 mm Table 3 and plotted in Fig. 4 . Something worthy to remark, as it can be seen in the lower panels of this figure, is that only in-plane resonances are observed. The theoretical prediction, obtained with the plane wave expansion method, using the best fit elastic constants of aluminum (E = 71.1 GPa and ν = 0.36) and the measured density ρ = 2708 kg/m 3 , is also given in Table 3 and plotted in Fig. 4 . The agreement is excellent at low frequencies and, remarkably, also at high frequencies (see lower panels of this figure) . The difference between the experiment and the theoretical predictions was also quantified and is plotted, as a function of the normal mode number, in Fig. 5 . One can observe in this figure that the difference is always less than 1.4%, a very reliable value for more than 90 normal modes.
The measurement of the components u(x, y) and v(x, y) of the in-plane normal-mode wave amplitudes is performed as follows. The in-plane vibrations of the aluminum plate are generated using an EMAT located at one end of the plate in the configuration of Fig. 3 . This device is controlled by the VNA, which sends a signal sweeped around the resonant frequency of Table 3 , respectively. The first and second columns correspond to the EMAT measurement and PWE prediction of u, respectively; the third and fourth columns correspond to the EMAT measurement and PWE prediction of v, respectively. To avoid spurious border effects, the experimental wave amplitudes were not measured close to the boundary. On the right, the scale is shown. the wave amplitude to be measured. As it is well known, plotting the norm and phase of the response gives a circle in the complex plane; the radius of the circle is proportional to the wave amplitude. Measurements were carried out on a quarter of the plate in a rectangular grid. The EMAT measures the acceleration in the direction of the coil axis [27] . The wave amplitude is then measured using an EMAT located over the plate; the dipole axis of the magnet's EMAT is perpendicular to the X-Y plane while the coil axis is aligned along the X or Y direction to measure the deformation u or v, respectively. To obtain the wave amplitude on the full plate, the measured data were reflected on the two axes of symmetry of the system. In Fig. 6 some normal-mode wave amplitudes are given and compared with those calculated with the plane wave expansion method; a very good agreement is obtained.
Conclusions
The in-plane vibrations of a rectangular aluminum plate, with free ends, have been studied both theoretically and experimentally. The experiments were performed using a vector network analyzer and electromagnetic-acoustic transducers. For the theoretical calculations, the plane wave expansion method, applied to the classical theory of in-plane waves, was used. The plane wave expansion method was first tested by comparing its results with other numerical methods with free and clamped boundary conditions. For 95 normal modes, within the range of DC-20 kHz, the agreement between theory and experiment is excellent since the difference is less than 1.4 percent. Some normal-mode wave amplitudes were measured and compared with the theoretical predictions; very good agreement was obtained. Thus, both the plane wave expansion method and the experimental setup based on electromagnetic-acoustic transducers could be very useful to study in-plane vibrations of thin plates with other shapes.
